Abstract. Assuming the existence of c incomparable selective ultrafilters, we characterize the algebraic structure of non-torsion Abelian groups of size continuum that admit a countably compact Hausdorff group topology. It shows that the results presented by Dikranjan and Tkachenko in [7] can be obtained under weak set-theoretic assumptions than Martin's Axiom. We also prove that the existence of 2 c selective ultrafilters implies that if a non-torsion Abelian group admits a countably compact Hausdorff group topology, then it admits 2 c non-homeomorphic countably compact Hausdorff group topologies. It improves a result presented by Tomita in [15].
1. Introduction 1.1. Some history. Halmos [8] showed, in 1940, that the real line admits a compact Hausdorff group topology and asked which Abelian groups can be endowed with such a topology. Fuchs showed that a non-trivial free Abelian group cannot be endowed with a compact Hausdorff group topology and, in the end of 50s, Hulanicki [10] and Harrison [9] completely solved Halmos' problem.
In 1990, Tkachenko [13] showed that the free Abelian group of size c can be endowed with a countably compact Hausdorff group topology under CH. Tomita [14] obtained such a topology from MA(σ-centered) and Koszmider, Tomita and Watson [11] weakened the necessity of some form of Martin's axiom to MA countable . Under Martin's Axiom, Dikranjan and Tkachenko [7] characterized the algebraic structure of Abelian groups of size continuum that admit a countably compact Hausdorff group topology. They proved that a torsion Abelian group G admits a countably compact Hausdorff group topology if and only if G has finite exponent n and, for every divisor d of n, dG is either finite or satisfies |dG| = c. They also proved that a non-torsion Abelian group G admits a countably compact Hausdorff group topology if and only if the free rank of G is equal to c and for every d, n ∈ N with d | n, the group dG[n] is either finite or has the cardinality c.
Castro-Pereira and Tomita [6] characterized all the torsion Abelian groups (of any cardinality) that admit a countably compact Hausdorff group topology assuming a mild cardinal arithmetic hypothesis and the existence of a selective ultrafilter. In particular, this characterization can be made under weaker set-theoretic assumptions than MA. In this work, we extend this study to the non-torsion case. Assuming the existence of c incomparable selective ultrafilters, we characterize the algebraic structure of nontorsion Abelian groups of size continuum that admit a countably compact Hausdorff group topology.
Under Martin's Axiom restricted to σ-centered partial orders, Tomita [15] showed that the free Abelian group of size continuum admits c + non-homeomorphic countably compact Hausdorff group topologies. In this work, we show that the existence of 2 c selective ultrafilters implies that if a non-torsion Abelian group admits a countably compact Hausdorff group topology, then it admits 2 c non-homeomorphic countably compact Hausdorff group topologies.
Basic definitions, notations and results.
We recall that a topological space X is countably compact if every infinite subset of X has an accumulation point.
The set of all free ultrafilters over ω will be denoted by ω * . Bernstein [3] defined the following concept, which is an important tool for the study of countable compactness. Definition 1.1. Let p ∈ ω * and {x n : n ∈ ω} be a sequence in a topological space X. We say that x ∈ X is a p-limit point of {x n : n ∈ ω} if, for every neighborhood U of x, the set {n ∈ ω : x n ∈ U } is an element of p. In this case, we write x = p − lim{x n : n ∈ ω}.
It is not difficult to prove that a topological space X is countably compact if, and only if, each sequence in X has a p-limit point, for some p ∈ ω * . Proposition 1.2. If p ∈ ω * and {X i : i ∈ I} is a family of topological spaces, then (y i ) i∈I ∈ i∈I X i is a p-limit point of {(x n i ) i∈I : n ∈ ω} ⊂ i∈I X i if, and only if, y i = p − lim{x n i : n ∈ ω} for every i ∈ I.
If A is a set, then [A] ω = {X ⊂ A : |X| = ω} and [A] <ω = {X ⊂ A : |X| < ω}.
• w ∈ T (G), for every w ∈ W ;
• w 1 − w 2 ∈ T (G), for every w 1 , w 2 ∈ W with w 1 = w 2 .
Fix y 0 ∈ W and define Y 0 = {y 0 }. Let α < c be an ordinal. For each β < α, suppose that Y β = {y γ : γ < β} is an independent subset of G satisfying the following conditions:
If α is a limit ordinal, put Y α = ∪ β<α Y β . Now, assume that α is a successor ordinalsay, α = β + 1. We state that there exists y α ∈ W such that y α ∩ Y β = {0}. In fact, if such an element does not exist, then for every w ∈ W there exists m w ∈ Z \ {0} such that m w · w ∈ Y β . Since | Y β | ≤ max{ω, |β|} < c = |W |, there exist y ∈ Y β andW ⊂ W such that:
• |W | = c; • m w · w = y, for every w ∈W .
Since |Z \ {0}| = ω, it is possible to chooseW ⊂W and m ∈ Z \ {0} such that:
• |W | = c;
• m · w = y, for every w ∈W .
But this contradicts the fact that the difference between any two distinct elements of W does not belong to T (G). Therefore, there exists y α ∈ W such that y α ∩ Y β = {0}. Put Y α = Y β ∪ {y α }. It follows that Y α is an independent subset of G such that Y α ⊂ W and Y β ⊂ Y α , for every β < α.
It follows that Y = ∪ α<c Y α ⊂ W is an independent subset of G with cardinality c. Let {z ξ : ξ < c} be an enumeration of Y and write ϕ 1 (z ξ ) = (a ξ , b ξ ) ∈ (Q/Z) (P 0 ) ⊕ Q (P 1 ) for every ξ < c. For each n ∈ ω, define A n = {ξ < c : n · a ξ = 0}. Since |Y | = c, there exists n ∈ ω such that |A n | = c. Fix such an n and consider the set {n · z ξ : ξ ∈ A n }. Observe that it has cardinality c, since |A n | = c and Y ⊂ W is an independent subset of G. Besides,
Fix {c ζ : ζ ∈ P 1 } a basis of Q (P 1 ) as a vector space over Q that contains {n · b ξ : ξ ∈ A n } and such that {c ζ :
Denote by D the set of all natural numbers n > 1 such that G contains a copy of Z (c) nand, therefore, an independent subset of cardinality c constituted of elements of order n.
with the following properties:
independent with o(y n ξ ) = n, for every ξ < c. Case 1: c is regular. Applying the ∆-system lemma for {supp y n ξ : ξ < c}, we obtain I n ∈ [c] c and R n ∈ [P 0 ] <ω such that {supp y n ξ : ξ ∈ I n } is a ∆-system with root R n . Fix J n ∈ [I n ] c such that if ξ, µ ∈ J n , then y n ξ (ζ) = y n µ (ζ) for every ζ ∈ R n . Let {J n,0 , J n,1 } be a partition of J n such that |J n,0 | = |J n,1 | = c. Fix f : c → J n,0 and g : c → J n,1 bijections and define x n ξ = y n f (ξ) − y n g(ξ) , for every ξ < c.
) = n and {y n ξ : ξ < c} is an independent subset of G.
Finally, let ξ, µ < c be such that ξ = µ. If ζ ∈ supp x n ξ ∩ supp x n µ , then one of the following possibilities occur:
In this case, cf(c) < c and c is a limit cardinal. Let {I α : α < cf(c)} be a family of pairwise disjoint subsets of c such that c = ∪ α<cf(c) I α and |I α | = κ α , for every α < cf(c), where:
• {κ α : α < cf(c)} is a strictly increasing and cofinal sequence in c;
• κ α is a regular cardinal, for every α < cf(c);
• κ α ≥ max{ω, |α|, sup β<α κ β } + . For every α < cf(c) it is possible to repeat the construction presented in case 1 to obtain {(x n ξ , 0) ∈ (Q/Z) (P 0 ) ⊕ Q (P 1 ) : ξ ∈ I α } ⊂φ [G] such that o(x n ξ ) = n for every ξ ∈ I α and supp x n ξ ∩ supp x n µ = ∅, for every ξ, µ ∈ I α with ξ = µ. Let J 0 = I 0 and α < cf(c) be an ordinal. Suppose that for each β < α, there exists J β ⊂ I β such that |J β | = |I β | = κ β and supp x n ξ ∩ supp x n µ = ∅, for every ξ, µ ∈ ∪ β<α J β with ξ = µ. Put X α = ∪ ξ∈∪ β<α J β supp x n ξ . We have that |X α | < κ α and, therefore, there exists J α ⊂ I α such that |J α | = |I α | and supp x n ξ ∩ X α = ∅, for every ξ ∈ J α .
Define J = ∪ α<cf(c) J α . It follows that |J| = c and supp x n ξ ∩ supp x n µ = ∅, for every ξ, µ ∈ J with ξ = µ.
satisfies conditions (i) and (ii) of Lemma 2.2. Let {X ζ : ζ < c} be an enumeration of {{x n ξ : ξ < c} : n ∈ D} such that |{ζ < c : X ζ = {x n ξ : ξ < c}}| = c for every n ∈ D. Fix x ∈ X 0 and define ξ 0 = min supp x. Denote x by x ξ 0 . Let α < c be an ordinal. For each β < α, suppose defined ξ β ∈ P 0 and x ξ β ∈ X β with the following properties:
We have that | ∪ β<α supp x ξ β | ≤ max{|α|, ω} < c. Since |X α | = c and supp x ∩ supp y = ∅ for every x and y distinct elements of X α , there exists z ∈ X α such that supp z ∩ (∪ β<α supp x ξ β ) = ∅. Put ξ α = min supp z and write x ξα = z. By induction, we obtain ξ α ∈ P 0 and x ξα ∈ X α , for every α < c.
If n ∈ D, define
Note that |L n | = c, since |{α < c : X α = {x n ξ : ξ < c}}| = c and ξ α = ξ β if α and β
, where:
• Let ξ ∈ L n , for some n ∈ D. Denote supp x ξ by {α 0 , α 1 , ..., α m }, where α 0 < α 1 < ... < α m . The α i -th summand Q/Z of the direct sum (Q/Z) (P 0 ) will be mapped identically to the (ξ, i)-th summand of the direct sum (Q/Z) (P 0 ×ω) .
• If µ ∈ P 0 \ ∪ ξ∈∪ n∈D Ln supp x ξ , then the µ-th summand Q/Z of the direct sum (Q/Z) (P 0 ) will be mapped identically to the (µ, 0)-th summand of the direct sum (Q/Z) (P 0 ×ω) .
The mappingφ is a group monomorphism. Consider ϕ =φ •φ and (y ξ , 0) =φ(x ξ , 0), for every ξ ∈ ∪ n∈D L n . It follows that ϕ is a group monomorphism such that
and
We end this section presenting some notations that will be used throughout this article.
where p(J, µ), q(J, µ) ∈ Z, q(J, µ) > 0 and gcd(p(J, µ), q(J, µ)) = 1, for every µ ∈ supp J.
and, for each µ ∈ supp J, put
.
3. Sorting the sequences Definition 3.1. [7] Let S be an infinite subset of G and let n > 1 be a natural number. We say that S is n-round if:
• The restriction of the group homomorphism
to S is finite-to-one, for every proper divisor d of n.
The following two propositions can be found in [7] .
Let n > 1 be a natural number and let S be an infinite subset of G[n].
There exist T an infinite subset of G and z ∈ G such that T + z ⊂ S and T is d-round, for some divisor d of n.
We will denote by H the set of all functions h from ω to ϕ[G] ⊂ (Q/Z) (P 0 ×ω) ⊕ Q (P 1 ) of the form h(n) = (g(n), f (n)) that satisfy one of the following conditions:
(1) supp f (n) \ ∪ m<n supp f (m) = ∅, for every n ∈ ω; (2) |q(f (n))| > n, for every n ∈ ω; (3) {|q(f (n))| : n ∈ ω} is bounded and |p(f (n))| > n, for every n ∈ ω; (4) |q(g(n))| > n, for every n ∈ ω;
Definition 3.4. Given h ∈ H and i ∈ {1, 2, 3, 4, 5}, we say that h is of type i if h satisfies condition (i) above.
and a strictly increasing function j : ω → ω such that the sequence n → (h • j)(n) + c is constant or it is of one of the types mentioned above.
Proof. We have h(n) = (g(n), f (n)) for every n ∈ ω, where g :
Case 1: {supp f (n) : n ∈ ω} is infinite. Put n 0 = 0. Fix k ∈ ω and suppose that n 0 , n 1 , ..., n k ∈ ω are defined. Since supp f (n) is finite for every n ∈ ω and {supp f (n) : n ∈ ω} is infinite, there exists a natural number n k+1 > n k such that supp f (n k+1 ) \ ∪ l<k+1 supp f (n l ) = ∅. Then the function j : ω → ω defined by j(k) = n k for each k ∈ ω is strictly increasing and h • j is of type 1. In this case, put c = (0, 0). Case 2: {supp f (n) : n ∈ ω} is finite and {|q(f (n))| : n ∈ ω} is unbounded.
By induction, define a strictly increasing sequence {n k : k ∈ ω} of natural numbers such that |q(f (n k ))| > k for each k ∈ ω. Then the function j : ω → ω defined by j(k) = n k for each k ∈ ω is strictly increasing and h • j is of type 2. In this case, put c = (0, 0). Case 3: {supp f (n) : n ∈ ω} is finite, {|q(f (n))| : n ∈ ω} is bounded and {|p(f (n))| : n ∈ ω} is unbounded. By induction, define a strictly increasing sequence
Then the function j : ω → ω defined by j(k) = n k for each k ∈ ω is strictly increasing and h • j is of type 3. In this case, put c = (0, 0). Case 4: {supp f (n) : n ∈ ω} is finite, {|q(f (n))| : n ∈ ω} and {|p(f (n))| : n ∈ ω} are bounded and {|q(g(n))| : n ∈ ω} is unbounded. By induction, define a strictly increasing sequence {n k : k ∈ ω} of natural numbers such that |q(g(n k ))| > k for each k ∈ ω. Then the function j : ω → ω defined by j(k) = n k for each k ∈ ω is strictly increasing and h • j is of type 4. In this case, put c = (0, 0). Case 5: {supp f (n) : n ∈ ω} is finite, {|q(f (n))| : n ∈ ω}, {|p(f (n))| : n ∈ ω} and {|q(g(n))| : n ∈ ω} are bounded and {supp g(n) : n ∈ ω} is infinite.
Since {supp g(n) : n ∈ ω} is infinite, there exists
Since {supp f (n) : n ∈ ω} is finite and both {|q(f (n))| : n ∈ ω} and {|p(f (n))| : n ∈ ω} are bounded, there exists j 2 : ω → ω strictly increasing such that f
Since {|q(g(n))| : n ∈ ω} is bounded, there exists a natural number k > 1 such that
. Therefore, there exist j 4 : ω → ω a strictly increasing function and r a divisor of
{|q(g(n))| : n ∈ ω} are bounded and {supp g(n) : n ∈ ω} is finite. It follows that {g(n) : n ∈ ω} is finite, as well as {f (n) : n ∈ ω}. So, h has a constant subsequence.
Proposition 3.6. There exists an enumeration
for every n ∈ D satisfying the following conditions:
Proof. LetH be the family of all elements of H that are of type 1, 2, 3 or 4. For each k ∈ D, letH k be the family of all elements of H that are of type 5 and that have order k. Note that H =H ∪ k∈DH k .
Consider an enumeration {h ξ : ξ ∈ L 1 } ofH such that for every h ∈H, the set
Case 1: h is of type 1, 2, 3 or 4.
Define
Case 2: h is of type 5 and o(h(n)) = k for every n ∈ ω.
Observe thatL 1 = {ω} ∪ h∈H L 1,h has cardinality c and that
has cardinality c. The conditions (i), (ii), (iii) and (iv) are verified.
Group homomorphisms from selective ultrafilters
Definition 4.1. We say that p ∈ ω * is selective if, for each partition {A n : n ∈ ω} of ω into non-empty sets, either A n ∈ p for some n ∈ ω or, for each n ∈ ω, there exists a n ∈ A n such that {a n : n ∈ ω} ∈ p.
Two selective ultrafilters p and q are said to be incomparable if there exists no bijection f : ω → ω such that βf (p) = q, where βf is the Stone-Čech extension of f .
Blass [4] proved that MA implies the existence of 2 c incomparable selective ultrafilters, but the existence of selective ultrafilters does not imply MA. In fact, Baumgartner [2] showed that adding at least ℵ 2 Sacks reals side-by-side in a model of CH, MA totally fails. In this model, there exist selective ultrafilters.
Let {p ξ : ξ ∈L 1 ∪ n∈DL n } be a family of incomparable selective ultrafilters and let {h ξ : ξ ∈L 1 ∪ n∈DL n } be an enumeration of H satisfying conditions (i), (ii), (iii) and (iv) of Proposition 3.6.
The next lemma will be proved in the appendix, at the end of this article. Since its statement will be used in the proof of Lemma 4.4, we announce it here.
conditions (i), (ii) and (iii) of Proposition 4.2. There exists a group homomorphism
Proof. We will construct φ (H,J) by induction. According to Proposition 4.2, there exists
Let {α ξ : ξ < c} be a strictly increasing enumeration of c \ E.
• If α 0 ∈ P 0 \ n∈D L n , we use the fact that T is a divisible group to extend
•
we use the fact that T is a divisible group to extend
and putφ
Since T is a divisible group, extend the group homomorphismφ (H,J) to a group homomorphism
Repeating inductively this construction, we will obtain a group homomorphism φ (H,J) : (Q/Z) (P 0 ×ω) ⊕ Q (P 1 ) → T satisfying (i), (ii) and (iii).
The following lemma is a standard tool to embed the group G into T c and its proof is straightforward. Proof. Consider
where ϕ is defined in Section 2 and Φ is given by Lemma 4.5. We have that τ is a topology on G which turns it into a Hausdorff topological group. Consider h : ω → G. If h is trivial, we have nothing to do. Otherwise, h has two constant and distinct subsequences or there exists a strictly increasing function j : ω → ω such that h • j is injective. In the first case, it follows that {h(n) ∈ G : n ∈ ω} has at least two distinct accumulation points and, therefore, h is not convergent. Suppose that the second case happens.
The mappings h 0 , h 1 : ω → G given by h 0 (n) = (h • j)(2n) and h 1 (n) = (h • j)(2n + 1) are distinct subsequences of h. According to Proposition 3.5, there exist c 0 , c 1 ∈ ϕ[G] and strictly increasing functions j 0 , j 1 : ω → ω such thath 0 ,h 1 ∈ H, whereh 0 ,h 1 :
Let i ∈ {0, 1}. If h ξ i is of type 1, 2, 3 or 4, then
If h ξ i is of type 5, then
for every (H, J) ∈ \(Q/Z) (P 0 ×ω) ⊕ Q (P 1 ) {(0, 0)} and, therefore,
Thus,
So, {h(n) ∈ G : n ∈ ω} has two distinct accumulation points.
5. Algebraic structure of countably compact non-torsion Abelian groups of size continuum
The proofs of the following two propositions can be found in [1] . Proof. Let {z ξ : ξ ∈ P 1 \ L 1 } be a dense subset of T [c,2 c [ . Denote by S the subgroup of (Q/Z) (P 0 ×ω) ⊕Q (P 1 ) generated by {(0, χ ξ ) ∈ (Q/Z) (P 0 ×ω) ⊕Q (P 1 ) : ξ ∈ P 1 \L 1 } and consider ρ : S → T [c,2 c [ the group homomorphism given by ρ(0, χ ξ ) = z ξ , for every ξ ∈ P 1 \ L 1 . Since T [c,2 c [ is a divisible group, it is possible to extend ρ to a group homomorphism
Proof. Clearly, (ii) implies (i). It follows from Propositions 5.1 and 5.2 that (i) implies (iii). Finally, we conclude from Theorem 4.6 that (iii) implies (ii).
Let {α ξ : ξ < c} be a strictly increasing enumeration ofL 1 ∪ n∈DL n . Define
Repeating inductively this construction, we obtain ρ : (Q/Z)
[ : x ∈ G} where ϕ and Φ were defined in Proposition 2.4 and in Lemma 4.5, respectively. It follows that G is isomorphic toG andG, endowed with the subspace topology induced by T 2 c is a countably compact group without non-trivial convergent sequences whose weight is 2 c .
On the number of countably compact group topologies on a non-torsion
Abelian group Definition 7.1. If X is a topological space and if x ∈ X is an accumulation point of {x n : n ∈ ω} ⊂ X, we define F(X, {x n : n ∈ ω}, x) = {A ⊂ ω : ∃U an open neighbor of x such that {n ∈ ω : x n ∈ U } ⊂ A}.
It is not difficult to realize that F(X, {x n : n ∈ ω}, x) is a filter over ω. We denote by F(X) the family consisting of all filters F(X, {x n : n ∈ ω}, x), where X is a fixed topological space and x ∈ X is an accumulation point of {x n : n ∈ ω} ⊂ X. Observe that if |X| = c, then |F(X)| ≤ c.
The proof of the following lemma is straightforward.
Lemma 7.2. Let X and Y be topological spaces and let h : X → Y be an homeomorphism. If x ∈ X is an accumulation point of {x n : n ∈ ω} ⊂ X, then h(x) ∈ Y is an accumulation point of {h(x n ) : n ∈ ω} ⊂ Y and F(X, {x n : n ∈ ω}, x) = F(Y, {h(x n ) : n ∈ ω}, h(x)).
Corollary 7.3. If X and Y are homeomorphic, then F(X) = F(Y ).
Fix κ < 2 c a cardinal and consider {(X α , τ α ) : α < κ} a family of spaces such that |X α | = c, for every α < κ. We shall show that it is possible to endow G with a countably compact group topology τ such that (G, τ ) is not homeomorphic to (X α , τ α ), for every α < κ. Since we are assuming the existence of 2 c selective ultrafilters, it is possible to fix {p ξ : ω ≤ ξ < c} ⊂ ω * a family of pairwise incomparable selective ultrafilters such that p ω ∈ ∪ α<κ F(X α ).
Lemma 7.4. Fix A ∈ p ω . There exists a group homomorphism φ A : (Q/Z) (P 0 ×ω) ⊕Q (P 1 ) → T such that:
Proof. For each n ∈ ω, consider . Extend φ to a group homomorphism from {0 (Q/Z) (P 0 ×ω) } ⊕ Z (ω+1) to T and use the fact that T is a divisible group in order to extend φ to a group homomorphism
Fix a strictly increasing enumeration of c \ (ω + ω) and mimic the proof of Lemma 4.4 to obtain a group homomorphism φ A : (Q/Z) (P 0 ×ω) ⊕ Q (P 1 ) → T satisfying conditions (i), (ii) and (iii) above.
is a group homomorphism. Thus,
is a group monomorphism, where Φ is defined in Lemma 4.5.
We have that
is a group topology on G. Moreover,
In particular, we have that
: n ∈ ω}, it follows that {n ∈ ω : ϕ −1 (h ω (n)) ∈ U } ∈ p ω and, therefore, A ∈ p ω . Also, observe that
In fact, let A ∈ p ω and Ω ⊂ T (Q/Z) (P 0 ×ω) ⊕Q (P 1 ) \{(0,0)} ⊕ T pω be such that proj (H,J) (Ω) = T for every (H, J) ∈ (Q/Z) (P 0 ×ω) ⊕ Q (P 1 ) \ {(0, 0)}, projÃ(Ω) = T for everyÃ ∈ p ω \ {A} and proj A (Ω) = Ω A . It follows that Ψ(0, χ ω ) ∈ Ω and {n ∈ ω :
, which implies that (G, τ ) is not homeomorphic to (X α , τ α ), for every α < κ.
Theorem 7.5. Assume the existence of 2 c selective ultrafilters. If G is a non-torsion Abelian group of cardinality c that admits a countably compact group topology, then G admits 2 c countably compact group topologies (pairwise non-homeomorphic).

Appendix
The following lemma gives a combinatorial property for incomparable selective ultrafilters that will be used to prove Lemma 8.2. Its proof can be found in [16] .
Lemma 8.1. Let {p j : j ∈ ω} be a family of pairwise incomparable selective ultrafilters. For each j ∈ ω, let {a j k : k ∈ ω} ∈ p j be an increasing sequence of natural numbers such that k < a j k , for every k ∈ ω. There exists a family {I j : j ∈ ω} of pairwise disjoint subsets of ω such that:
We recall that {p ξ : ξ ∈L 1 ∪ n∈DL n } is a family of incomparable selective ultrafilters and that {h ξ : ξ ∈L 1 ∪ n∈DL n } is an enumeration of H satisfying conditions (i), (ii), (iii) and (iv) of Proposition 3.6.
condtions (i), (ii) and (iii) of Proposition 4.2.
There exists a family {E k : k ∈ ω} of finite subsets of E, strictly increasing sequences {e k : k ∈ ω} and {b k : k ∈ ω} of natural numbers, a sequence {r k : k ∈ ω} of positive real numbers and a function i :
Proof. Let {a n : n ∈ ω} be an enumeration of E. Put
and fix j n+1 ∈ ω such that j n+1 > j n and
Then {F n : n ∈ ω} is a family of finite subsets of E and {j n : n ∈ ω} is a strictly increasing sequence of natural numbers such that:
Consider ξ ∈ E ∩ (L 1 ∪ n∈DL n ) and n ∈ ω. If h ξ is of type 1, put
If h ξ is of type 2, put
for every m ∈ ω and
If h ξ is of type 3, then |a(f ξ (n))| > n for every n ∈ ω and {|q(f ξ (n))| : n ∈ ω} is bounded. Choose M ξ ∈ ω such that |q(f ξ (n))| ≤ M ξ for every n ∈ ω and put
If h ξ is of type 4, put
If h ξ is of type 5, put
Note that A ξ n is a cofinite subset of ω, for all n ∈ ω and
We can suppose, without loss of generality, that (d) N ξ < n, for every n ∈ I ξ . Let {n k : k ∈ ω} be a strictly increasing enumeration of∪ ξ∈E∩(L 1 ∪ n∈DL n) I ξ . Consider
For each k ∈ ω, define also r k according to (xi) and (xii). It remains to show that (i)-(x) are satisfied.
where
(viii) Suppose that h i(k) is of type 3. From an argument similar to the one presented in (vii) we conclude that
(ix) Suppose that h i(k) is of type 4. From an argument similar to the one presented in (vii) we conclude that
The next four lemmas are the technical part relative to the types 1, 2, 3 and 4 respectively and will be used in the successor step of the induction presented in the proof of Lemma 4.3. Their proofs can be found in [5] .
The set of all non-empty open arcs of T (including T itself) will be denoted by B.
There existsψ :F → B satisfying the following conditions:
, for every ξ ∈F ; 
, for every ξ ∈F ;
Lemma 8.6. Consider I an infinite set, c ∈ N \ {0}, ǫ > 0, A ∈ B with δ(A) ≥ ǫ, H ∈ (Q/Z) (I) \ {0}, n ∈ supp H with q(H, n) · ǫ > c and x ∈ T. There exists y ∈ T such that d(H) · y = x and a(H, n) · c · y ∈ A.
We now restate and prove Lemma 4.3.
(ii) and (iii) of Proposition 4.2. There exists a group homomorphism
→ T with the following properties:
Proof. Consider {E n : n ∈ ω}, {e n : n ∈ ω}, {b n : n ∈ ω}, {r n : n ∈ ω} and
If H = 0, putφ(H) = 0 + Z. If H = 0, letφ(H) be a non-zero element of T such that o(φ(H)) | o(H). In both cases, extendφ to a group homomorphism from H into T.
Since T is a divisible group and H is a subgroup of G 0 , it is possible to extendφ to a group homomorphism φ ↾ G 0 : G 0 → T.
where x ∈ [0, 1[ is such that x + Z = φ ↾ G 0 (H) and put
It follows that
Let n ∈ ω. Assume that ψ n : E ∩ P 1 → B and ψ * n : E n ∩ P 1 → B are defined. Suppose defined, as well, a group homomorphism φ ↾ Gn : G n → T where
We shall define ψ n+1 : E ∩ P 1 → B, ψ * n+1 : E n+1 ∩ P 1 → B and extend φ ↾ Gn to a group homomorphism ψ ↾ G n+1 : G n+1 → T, where
satisfying the following conditions:
In this case, put
as being an element of B with diameter
and put
as the open arc of T centered in that fixed root with diameter
We shall now define ψ * n+1 (ξ) and ψ n+1 (ξ) for ξ ∈ supp f i(n) (b n ) and extend φ ↾ Gn to φ ↾ G n+1 .
Case 1: h i(n) is of type 1. Since T is a divisible group and G n is a subgroup of G n+1 , it is possible to extend φ ↾ Gn to a group homomorphism φ ↾ G n+1 :
Since T is a divisible group and G n is a subgroup of G n+1 , it is possible to extend φ ↾ Gn to a group homomorphism φ ↾ G n+1 :
. We can assume that α ∈ E n because, otherwise, the same arguments used above can be repeated here. Applying Lemma 8.4 for
. Once again, we can assume that α ∈ E n . Applying Lemma 8.5 for
as the open arc of T centered in this root with diameter
In both cases, put
Denote by z ξ the middle point of ψ * n+1 (ξ), for every ξ ∈ supp f i(n) (b n ). Consider
Since T is divisible and G n is a subgroup ofG n+1 , it is possible to extend φ ↾ Gn to a group homomorphism φ ↾G
is an independent subset of the group (Q/Z) ((P 0 ∩E)×ω) . Thus, we can definê φ(g i(n) (b n )) = (ζ,p)∈supp y i(n) ∩(En×en) a(y i(n) , (ζ, p))·c n−1 · m<n d(g i(m) (b m ))·φ ↾ Gn (Λ (ζ,p),cn· m<n d(g i(m) (bm)) ),φ(x) = φ ↾ Gn (x) for every x ∈ G n and extendφ to a group homomorphism from {g i(n) (b n )} ∪ {Λ (ζ,p),cn· m<n d(g i(m) (bm)) : (ζ, p) ∈ E n × e n } into T. Since T is a divisible group and {g i(n) (b n )}∪{Λ (ζ,p),cn· m<n d(g i(m) (bm)) :
(ζ, p) ∈ E n ×e n } is a subgroup of G n+1 , we can extendφ to a group homomorphism φ ↾ G n+1 : G n+1 → T.
By induction, we obtain ψ n : E ∩ P 1 → B and ψ * n : E n ∩ P 1 → B for every n ∈ ω, satisfying the following conditions:
• ψ n+1 (ξ) ⊂ ψ n (ξ), for every ξ ∈ E ∩ P 1 .
• δ(ψ n (ξ)) = r n , if ξ ∈ E n ∩ P 1 and ψ n (ξ) = T, if ξ ∈ (E \ E n ) ∩ P 1 .
• ψ n (ξ) = d(J) · m<n d(f i(m) (b m )) · ψ * n (ξ), if ξ ∈ E n ∩ P 1 .
We also obtain a group homomorphism φ ↾ G : G → T where G = ∪ n∈ω G n ⊂ (Q/Z) ((P 0 ∩E)×ω) . Since T is a divisible group, it is possible to extend φ ↾ G to a group homomorphism φ ↾ (Q/Z) ((P 0 ∩E)×ω) : (Q/Z) ((P 0 ∩E)×ω) → T.
Since T is a complete metric space and (r n ) n∈ω is a sequence of positive real numbers that converges to 0, we conclude that if ξ ∈ E ∩ P 1 , then ∩ n∈ω ψ n (ξ) = ∩ n∈ω ψ n (ξ) is a singleton. We denote byφ(χ ξ ) the single element of ∩ n∈ω ψ n (ξ).
For each ξ ∈ E ∩ P 1 , consider N ξ = min{n ∈ ω : ξ ∈ E n } and n ≥ N ξ . It follows that ψ n (ξ) = T and, therefore, there exists one, and only one, element of ψ * n (ξ) whose multiplication by d(J) · m<n d(f i(m) (b m )) is equal toφ(χ ξ ). We shall denote this element byφ
and letG be the group generated by ∪ ξ∈E∩P 1 G ξ . If ξ ∈ E ∩ P 1 and n > N ξ , theñ
Thus, it is possible to extendφ to a group homomorphism fromG into T. But T is a divisible group, so it is possible to extendφ to a group homomorphism φ ↾ Q (P 1 ∩E) : Q (P 1 ∩E) → T. Define φ (H,J) ↾ (Q/Z) ((P 0 ∩E)×ω) ⊕Q (P 1 ∩E) : (Q/Z) ((P 0 ∩E)×ω) ⊕ Q (P 1 ∩E) → T by φ (H,J) ↾ (Q/Z) ((P 0 ∩E)×ω) ⊕Q (P 1 ∩E) (H,J ) = φ ↾ (Q/Z) ((P 0 ∩E)×ω) (H) + φ ↾ Q (P 1 ∩E) (J)
for every (H,J) ∈ (Q/Z) ((P 0 ∩E)×ω) ⊕ Q (P 1 ∩E) . If J = 0, then φ (H,J) ↾ (Q/Z) ((P 0 ∩E)×ω) ⊕Q (P 1 ∩E) (H, J) = φ ↾ (Q/Z) ((P 0 ∩E)×ω) (H) = 0 + Z, since (H, J) = (0, 0). Thus, suppose J = 0. We have that φ ↾ Q (P 1 ∩E) (J) ∈ Since r k → 0, we conclude that the sequence {φ (H,J) ↾ (Q/Z) ((P 0 ∩E)×ω) ⊕Q (P 1 ∩E) (h i(k) (b k )) : k ∈ i −1 ({ξ})} converges to φ (H,J) ↾ (Q/Z) ((P 0 ∩E)×ω) ⊕Q (P 1 ∩E) (0, χ ξ ). From condition (v) of Lemma 8.2 it follows that φ (H,J) ↾ (Q/Z) ((P 0 ∩E)×ω) ⊕Q (P 1 ∩E) (0, χ ξ ) = p ξ −lim{φ (H,J) ↾ (Q/Z) ((P 0 ∩E)×ω) ⊕Q (P 1 ∩E) (h ξ (n)) : n ∈ ω}.
Therefore, (ii) is verified.
Finally, consider ξ ∈ E ∩ n∈D L n . Since E ×ω = ∪ n∈ω (E n ×e n ), there exists n ∈ ω such that supp y ξ ⊂ E n × e n . For each k ∈ i −1 ({ξ}) we have that φ (H,J) ↾ (Q/Z) ((P 0 ∩E)×ω) ⊕Q (P 1 ∩E) (h i(k) (b k )) = φ ↾ (Q/Z) ((P 0 ∩E)×ω) (g i(k) (b k )), since h i(k) is of type 5. Besides, we have that φ ↾ (Q/Z) ((P 0 ∩E)×ω) (g i(k) (b k )) = φ ↾ (Q/Z) ((P 0 ∩E)×ω) (y i(k) ), for every k > n. From the property (v) of Lemma 8.2 it follows that φ (H,J) ↾ (Q/Z) ((P 0 ∩E)×ω) ⊕Q (P 1 ∩E) (y ξ , 0) = p ξ −lim{φ (H,J) ↾ (Q/Z) ((P 0 ∩E)×ω) ⊕Q (P 1 ∩E) (h ξ (n)) : n ∈ ω}.
Thus, (iii) is verified.
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